There has been increasing interest in the energy spectrum of highly excited Rydberg states. The energy spectra of the s, p, and d highly excited Rydberg states of a rubidium atom have been measured by different groups. However, there is a discrepancy between the reported data concerning the energy levels of highly excited s and d states of Rb. We address this issue by performing accurate calculations of Rb(ns,np,nd) energy levels using the parametric one-electron valence potential [Marinescu, Sadeghpour, and Dalgarno, Phys. Rev. A 49, 982 (1994)] with spin-orbit coupling. We compare results with reference data from the National Institute of Standards and Technology and from available experiments. This enables us to recommend energy levels of highly excited Rydberg states of Rb that can be used as reference values.
I. INTRODUCTION AND MOTIVATION
The rapid development of advanced experimental techniques has enabled increasingly accurate measurements of highly excited Rydberg states [1] [2] [3] [4] [5] [6] [7] [8] [9] . The detailed experimental data require better theoretical models in order to verify the results. Some spectroscopic parameters may be calculated, e.g., by applying the semiclassical approach [10, 11] , the numerical Coulomb approximation [12] , or single-electron model potentials [13] [14] [15] . Therefore, the parallel development of theory and experiment is essential. Rydberg atoms continue to be a subject of numerous investigations due to their exaggerated properties, forming exotic Rydberg molecules, long-range dipolar interactions, a Rydberg blockade, and Rydberg optics [1] [2] [3] [4] [5] [6] [7] [8] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] .
In this work, we investigate highly excited s, p, and d Rydberg states of a rubidium atom with principal quantum numbers ranging from n = 30 to 60. The many-body problem can be reduced to the problem of one electron in the field of a frozen core, whose interaction with the valence electron is represented by a modified Coulomb potential. Our main goal is to find out how accurately the atomic energies of Rydberg states can be obtained based on the model potential reported by Marinescu, Sadeghpour, and Dalgarno [13] in comparison with available experimental data. This potential is the six-parametric single-electron model potential describing the motion of the valence electron in the presence of an alkalimetal ionic core. It was initially developed to calculate the dynamic multipole polarizabilities at imaginary frequencies and van der Waals interactions of alkali-metal atoms [13] . Moreover, the spin-orbit coupling effect is explicitly included. The method of our calculations is variational. It involves a basis set consisting of Slater-type functions. We use Hartree atomic units and we assume 1 a.u. = 219 474.631 370 8 cm The energy levels for one electron in a modified Coulomb potential are given by the Rydberg formula [29] (in a.u.),
where n * is the effective principal quantum number and Z = 1 for a neutral atom. The correction, δ, to the principal quantum number, n, is known as the quantum defect. The energies (1) are with respect to a zero value for the (core) 1 S 0 level [29] .
II. VARIATIONAL PRINCIPLE FOR EXCITED STATES
The valence electron in the field of an alkali-metal core can be represented by the following Hamiltonian (in a.u.):
where V l (r) is a model potential developed by Marinescu et al. [13] given by
The radial charge Z l (r) is in the form
where Z is the nuclear charge of atom. The polarization potential V pol in (3) describes the core polarization:
where α c is the static dipole polarizability of the ionic core, whereas r c is the cutoff parameter. The values of six parameters appearing in (4) and (5) for the angular momentum l are taken from Ref. [13] . The spin-orbit interaction potential V LS in Hamiltonian (2) is (in a.u.)
with fine-structure constant α = 1/c = 0.007 297 352 569 8 [28] . For a given orbital angular momentum quantum number l > 0, the potential (6) for two possible values of total angular momentum quantum number j = l ± s has the opposite sign and as usualL ·Ŝψ = (1/2)[j (j + 1) − l(l + 1) − s(s + 1)]ψ (here atomic units are used), where s = 1/2. Thus the spin-orbit coupling leads to the splitting of each energy level into two levels. We have applied the Ritz method to solve the timeindependent Schrödinger equation. The wave function is represented in a basis set consisting of 500 Slater-type orbitals (STOs) of angular momentum l = 0 (for the s states), l = 1 (for the p states), l = 2 (for the d states), and m = 0. The radial parts of STOs are as follows:
where b and β j are the variational parameters (whose optimization is described in the next paragraph). The full angular functions are the spherical harmonics. The linear expansion of basis functions leads to the generalized matrix eigenvalue equation
The H and S matrices are Hamiltonian and overlap matrices, respectively. 
where 
where
. This series converges quickly for z < 0, but for large values of z, which in our [38] have been calculated based on (1). The results of Johansson (taken from Ref. [34] ) and Kratz [39] have been converted to E n = E(5s 2 S − np 2 P j ) − E I , where E I is the ionization energy (taken from Ref. [34] and Ref. [39] , respectively). Notation of (−x) denotes ×10 −x .
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Ref. [34] R e f . [ 35] R e f . [ 36] This work a This work The calculations have been done in quadruple precision. The convergence of eigenenergies with basis size is presented in Fig. 1 . When the number of basis functions increases, the eigenvalues stabilize. For all considered states, the convergence is satisfied. Moreover, to demonstrate the quality of our results, we have performed calculations for low-lying energy levels for Rb atom. Tables I, II , and III show comparisons our results with those by Johansson (taken from Ref. [34] ), Kuhn [35] , and Kato and Stoicheff [36] . Although the basis set has been optimized for the highly excited Rydberg states, the agreement with experiment is remarkable.
III. RESULTS FOR THE HIGHLY EXCITED RYDBERG STATES OF A RUBIDIUM ATOM
The results of ns, np, and nd series for n = 30,31, . . . ,60 are presented in Tables I, II , and III. They are compared with the available data from the experiment. The results of the s states are shown together with those by Ferguson and Dunn [37] , Liberman and Pinard [38] , and Li et al. [2] . Ferguson and Dunn applied the space-chargelimited thermionic triode to detect the highly excited s and d states. Based on their own measurements, they extracted the effective principal quantum numbers n * . In turn, Liberman and Pinard used the field ionization method for the detection of the high-lying s, p, and d states. Unfortunately, the numbers n * , which they presented, were not obtained from their own measurements, but were recalled without any reference. The more recent millimeter-wave measurements carried out by Li et al. allowed them to extract the quantum defects for s, p, and d series. In all cases, the values of energies, which are shown in Table I , are obtained using formula (1) . One can see that our results for the s states are significantly different from those by Ferguson and Dunn [37] , but they are in very good agreement with the results of Liberman and Pinard [38] and especially of Li et al. [2] .
The results for the p states are compared (in addition to those for Liberman and Pinard [38] and for Li et al. [2] ) with experimental data of Kratz [39] . In Ref. [39] , he measured transitions from the 5s 2 S level to the excited np 2 P levels and also the ionization energy, E I = 0.153 507 3 a.u. Thus the energy levels of Kratz, shown in Table II , have been determined from E n = E(5s
The agreement is excellent. We note that by taking the spin-orbit interaction into consideration, the agreement with observations is improved. In the worst case, the relative difference between our results and the results of Li et al. [2] , defined as [ 40] . The latter presented the quantum numbers n * calculated on the basis of their own experiment for n > 54 and using data from Ref. [41] for n 54. The present energies are very similar to those by Li et al. [2] and by Harvey and Stoicheff [40] , but again they differ from the experimental data of Ferguson and Dunn [37] . Figures 2(a), 2(b) , and 2(c) show the energy level residuals for ns, np, and nd series, respectively. It is clear that our results are in excellent agreement with the observation of Ref. [2] for Rb(ns, np, and nd) states.
IV. CONCLUDING REMARKS
We have investigated the s, p, and d highly excited Rydberg states of a rubidium atom with the parametric model potential, developed to represent the motion of the valance electron in the field of a closed alkali-metal positive-ion core [13] and with the spin-orbit interaction potential. The atomic energy levels obtained with the Ritz variational method are in strong agreement with the results of Kratz [39] , Harvey and Stoicheff [40] , Liberman and Pinard [38] , and especially Li et al. [2] . The report of Sansonetti from NIST [34] gives as a reference for the s and d Rydberg states of Rb the results of Ferguson and Dunn [37] . Our calculations show that the experimental measurements carried out by them are not accurate enough to be used as reference values since they differ from the results for the s Rydberg states presented by Liberman and Pinard [38] and for the d Rydberg states presented by Harvey and Stoicheff [40] as well as for the s and d Rydberg states presented by Li et al. [2] , in very good agreement with our computational results. The fact that the energy levels we obtained also agree very well with the spectrum of the p Rydberg states as measured by Kratz and accepted by Sansonetti in the report [34] indicates that our calculations can be benchmarked to determine which set of measurements may be used as reference data.
